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ABSTRACT
We construct N = 2 supersymmetric SYK model on one-dimensional (euclidean
time) lattice. One nilpotent supersymmetry is exactly realized on the lattice in
use of the cyclic Leibniz rule (CLR).
Sachdev-Ye-Kitaev (SYK) model[1, 2] and its generalizations have been attracting much
attentions in several contexts.1 In these analysis, large N limit is fully utilized to obtain
effective theory in the IR region. Finite N analysis, however, is also interesting to see, for
example, some sort of stringy corrections for AdS/CFT-type correspondence.
For finite N analysis beyond perturbation, one approach is the exact diagonalization of
the hamiltonian[5] based on the realization of fermion operators by gamma matrices. Another
approach may be the lattice formulation on the euclidean time. The latter seems convenient
for the calculation of multi-point correlation function of the operators with distinct times,
especially for the comparison with results from the effective field theory of bi-local collective
modes. Also, if higher-dimensional extension becomes possible, Monte Carlo simulation
will be numerically less expensive than exact diagonalization of the hamiltonian. So we
concentrate lattice formulation in the present paper. Among others we will focus on lattice
formulation of the supersymmetric generalization[6] of SYK model. It is actually highly
non-trivial, since realizing supersymmetry on lattice is a very difficult task[7].
The present authors have been studying a way for realizing nilpotent subalgebra of the
supersymmetry on lattice in use of the cyclic Leibniz rule (CLR)[8, 9]. In the present letter,
as an application of the CLR, we will construct N = 2 supersymmetric SYK model[6] on
lattice. As will be seen, one of the two supersymmetries is exactly realized on lattice thanks
to the CLR.
Let us consider N = 2 supersymmetric SYK model[6] whose hamiltonian H is given by
the anti-commutator of two nilpotent supercharges Q and Q¯
H = {Q , Q¯}, Q2 = 0, Q¯2 = 0, (1)
where supercharges are defined by N complex fermions ψi, ψ¯i (i = 1, · · · , N) and complex
random couplings Cijk, C¯ijk with totally anti-symmetric indices:
Q =
i
3!
Cijkψ
iψjψk, Q¯ =
i
3!
C¯ijkψ¯
iψ¯jψ¯k. (2)
These fermions satisfy the following anti-commutation relations
{ψi , ψj} = 0, {ψ¯i , ψ¯j} = 0, {ψi , ψ¯j} = δij. (3)
The random couplings have non-zero second moment under quenched average
CijkC¯ijk =
2J
N2
(4)
1For recent review see, for example, [3, 4] and references therein.
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with a characteristic constant J which controls the strength of the interaction.
The above supercharges are cubic in fermion, thereby hamiltonian has quartic interac-
tions. This can be generalized by taking any odd number of fermions in supercharges. Here-
after we use generalized supercharges with q fermions. Corresponding action in euclidean
time is defined by
S =
∫
dt

ψ¯i∂tψi − b¯ibi + i
q−1
2
(q − 1)!
Cj1j2···jq b¯
j1ψj2 · · ·ψjq +
i
q−1
2
(q − 1)!
C¯j1j2···jqb
j1ψ¯j2 · · · ψ¯jq

 .
(5)
Here we have introduced complex auxiliary variables bi, b¯i in order to realize supersymmetry
linearly and make the action off-shell invariant. C and C¯ are q indices generalization of the
random couplings. Supersymmetry transformation for each variable is
δQψ
i = 0,
δQb
i = 0,
δQψ¯
i = bi,
δQb¯
i = ∂tψ
i,
δQ¯ψ
i = b¯i,
δQ¯b
i = ∂tψ¯
i,
δQ¯ψ¯
i = 0,
δQ¯b¯
i = 0,
(6)
where we omit transformation parameters, so that δQ and δQ¯ should be treated as Grassmann
odd quantities.
Now let us make a lattice version of (5) and (6). First, we replace the variables ψi(t),
ψ¯i(t), bi(t) and b¯i(t) by the lattice variables ψin, ψ¯
i
n, b
i
n and b¯
i
n where n stands for a lattice
site. Then supersymmetry transformation should become
δQψ
i
n = 0,
δQb
i
n = 0,
δQψ¯
i
n = b
i
n,
δQb¯
i
n = (∇
(T)ψi)n,
δQ¯ψ
i
n = b¯
i
n,
δQ¯b
i
n = (∇
(T)ψ¯i)n,
δQ¯ψ¯
i
n = 0,
δQ¯b¯
i
n = 0,
(7)
where ∇(T) is an appropriate difference operator. We use superscript (T) in order to distin-
guish it from the difference operator in the action for which we use ∇(A).
Next, we construct a lattice action in the following form
S = Skin + SM + SM¯ , (8)
Skin = ψ¯
i
n∇
(A)
nmψ
i
m − b¯
i
nb
i
n, (9)
SM =
i
q−1
2
(q − 1)!
Cj1j2···jqMn1n2···nq b¯
j1
n1
ψj2n2 · · ·ψ
jq
nq
, (10)
SM¯ =
i
q−1
2
(q − 1)!
C¯j1j2···jqM¯n1n2···nqb
j1
n1
ψ¯j2n2 · · · ψ¯
jq
nq
, (11)
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where repeated lattice site indices are summed. Mn1n2···nq and M¯n1n2···nq are complex coef-
ficients which define multiple product of variables. Note that the last q − 1 site indices of
M and M¯ are totally symmetric. This action gives (5) in the naive continuum limit as far
as M and M¯ go to 1 and ∇ goes to ∂t. Requiring the invariance of the action under either
transformation δQ or δQ¯ in (7), we obtain the conditions which should be satisfied by ∇
(A),
∇(T), M and M¯ . For example if we require δQ¯-invariance, then we have
δQ¯Skin = −ψ¯
i
n(∇
(A)
nm +∇
(T)
mn)b¯
i
m = 0, (12)
δQ¯SM =
i
q−1
2
(q − 1)!
Cj1j2···jqMn1n2···nq
q∑
k=2
(−1)k−2b¯j1n1ψ
j2
n2
· · ·ψjk−1nk−1 b¯
jk
nk
ψjk+1nk+1 · · ·ψ
jq
nq
= 0,(13)
δQ¯SM¯ =
i
q−1
2
(q − 1)!
C¯j1j2···jqM¯mn2···nq∇
(T)
mn1
ψ¯j1n1ψ¯
j2
n2
· · · ψ¯jqnq = 0. (14)
The first condition (12) is satisfied if difference operator ∇ meets
∇(A)nm +∇
(T)
mn = 0. (15)
The second condition (13) is satisfied if we make
M to be totally symmetric for all q indices. (16)
And the third condition (14) is satisfied if M¯ meets
∑
permutation of {n1···nq}
∇(T)mn1M¯mn2···nq = 0. (17)
The summation in (17) can be reduced to the one in only cyclic permutation due to the
totally symmetric nature of the last q − 1 indices. Thus this relation is nothing but the
cyclic Leibniz rule (CLR)[8, 9].
It should be stressed that the CLR (17) is not an abstract relation but has many concrete
solutions. For example, if we simply take ∇(A) = ∇(T), then
Mlmn = δl,mδl,n, (18)
M¯lmn =
1
6
(2δl,m−1δl,n−1 + δl,m+1δl,n−1 + δl,m−1δl,n+1 + 2δl,m+1δl,n+1) , (19)
∇mn =
1
2
(δm+1,n − δm−1,n) (20)
is one of the ultralocal2 solutions of (15), (16) and (17) for q = 3. Systematic construction
of the solutions for the CLR with symmetric difference operator can be found in [10].
2Here ultralocal means the operator defined in a region with finite extent on a lattice. Local operators
on the lattice include not only ultralocal ones but also ones with infinite extent which decay exponentially.
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Although this might be the simplest solution, we would have species doubler with it. So
we propose alternative solution
Mlmn = δl,mδl,n, (21)
M¯lmn =
1
24
[
2(1 + r)2δl+1,mδl+1,n + 2(1− r)
2δl−1,mδl−1,n
+(1− r2)(δl−1,mδl+1,n + δl+1,mδl−1,n)
+(3− r)(1 + r)(δl+1,mδl,n + δl,mδl+1,n)
+(3 + r)(1− r)(δl−1,mδl,n + δl,mδl−1,n)
+2(3 + r2)δl,mδl,n
]
, (22)
∇(T)mn =
1
2
[δm+1,n − δm−1,n + r(δm+1,n + δm−1,n − 2δm,n)] , (23)
∇(A)mn =
1
2
[δm+1,n − δm−1,n − r(δm+1,n + δm−1,n − 2δm,n)] . (24)
Here r is a real parameter and the kinetic action with this ∇(A) contains so-called Wilson
term (r corresponds to the Wilson term coefficient) which lifts doublers up with cutoff-scale
mass.
For r = 1 case, which corresponds to the forward difference operator, we can write down
solutions with generic q:
Ml n1···nq−1
=
1
q!
∑
P
(
δl+1,n1 · · · δl+1,nq−1 + δl+1,n1 · · · δl+1,nq−2δl,nq−1 + δl+1,n1 · · · δl+1,nq−3δl,nq−2δl,nq−1
+ · · ·+ δl+1,n1δl,n2 · · · δl,nq−1 + δl,n1 · · · δl,nq−1
)
(25)
=
1
q!
∑
P
q−1∑
k=0
[
k∏
a=1
δl+1,na
]  q−1∏
b=k+1
δl,nb

 (26)
where P stands for the summation over all permutations of (n1, n2, · · · , nq−1), and
0∏
a=1
δl+1,na =
1 =
q−1∏
b=q
δl,nb is understood.
Thus we have a concrete way how to construct δQ¯-invariant lattice action for N = 2
supersymmetric SYK model. If you need δQ-invariant action, just exchange the roles of M
and M¯ .
A few remarks are in order:
We cannot require both δQ and δQ¯ invariances. Because these impose simultaneously the
CLR relation and totally symmetric indices to M and M¯ , but there is no local solution of
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CLR with symmetric M or M¯ [8].
For δQ¯-invariance M is totally symmetric, but M¯ is not because of CLR and locality.
Therefore M¯ is not complex conjugate of M , so that the resulting action is not hermitian.
This “could-be sign problem” is of order O(a) where a is lattice constant, and disappears at
least in the naive continuum limit.
It seems the CLR approach is a unique way to realize supersymmetry for the models of
this type. The other approaches, like a method through the Nicolai map or a method of
finding a nilpotent transformation without difference operator[11, 12, 13], may not work for
the model. In particular, the last term of the action (5) is δQ¯-invariant but not δQ¯-exact,
therefor topological field theoretic approach cannot be applied. This supports the uniqueness
of the CLR approach.
Acknowledgements
This work is supported in part by the Grant-in-Aid for Scientific Research No.25287049
(M.K.), No.15K05055 (M.S.) and No.25400260 (H.S.) by the Japanese Ministry of Education,
Science, Sports and Culture.
References
[1] S. Sachdev and J. Ye, “Gapless spin fluid ground state in a random, quantum
Heisenberg magnet,” Phys. Rev. Lett. 70 (1993) 3339 doi:10.1103/PhysRevLett.70.3339
[cond-mat/9212030].
[2] A. Kitaev, “ A simple model of quantum holography,” KITP strings semi-
nar and Entanglement 2015 program (Feb. 12, April 7, and May 27, 2015).
http://online.kitp.ucsb.edu/online/entangled15/.
[3] V. Rosenhaus, “An introduction to the SYK model,” arXiv:1807.03334 [hep-th].
[4] G. Sa´rosi, “AdS2 holography and the SYK model,” PoS Modave 2017 (2018) 001
doi:10.22323/1.323.0001 [arXiv:1711.08482 [hep-th]].
[5] T. Li, J. Liu, Y. Xin and Y. Zhou, JHEP 1706 (2017) 111 doi:10.1007/JHEP06(2017)111
[arXiv:1702.01738 [hep-th]].
5
[6] W. Fu, D. Gaiotto, J. Maldacena and S. Sachdev, “Supersymmetric Sachdev-Ye-
Kitaev models,” Phys. Rev. D 95 (2017) no.2, 026009 Addendum: [Phys. Rev. D
95 (2017) no.6, 069904] doi:10.1103/PhysRevD.95.069904, 10.1103/PhysRevD.95.026009
[arXiv:1610.08917 [hep-th]].
[7] M. Kato, M. Sakamoto and H. So, “Taming the Leibniz Rule on the Lattice,” JHEP
0805 (2008) 057 doi:10.1088/1126-6708/2008/05/057 [arXiv:0803.3121 [hep-lat]].
[8] M. Kato, M. Sakamoto and H. So, “A criterion for lattice supersymmetry: cyclic Leibniz
rule,” JHEP 1305 (2013) 089 doi:10.1007/JHEP05(2013)089 [arXiv:1303.4472 [hep-lat]].
[9] M. Kato, M. Sakamoto and H. So, “Non-renormalization theorem in a lattice su-
persymmetric theory and the cyclic Leibniz rule,” PTEP 2017 (2017) no.4, 043B09
doi:10.1093/ptep/ptx045 [arXiv:1609.08793 [hep-lat]].
[10] D. Kadoh and N. Ukita, “General solution of the cyclic Leibniz rule,” PTEP 2015
(2015) no.10, 103B04 doi:10.1093/ptep/ptv140 [arXiv:1503.06922 [hep-lat]].
[11] S. Catterall and S. Karamov, “Exact lattice supersymmetry: The Two-dimensional N=2
Wess-Zumino model,” Phys. Rev. D 65 (2002) 094501 doi:10.1103/PhysRevD.65.094501
[hep-lat/0108024].
[12] S. Catterall, “Lattice supersymmetry and topological field theory,” JHEP 0305 (2003)
038 doi:10.1088/1126-6708/2003/05/038 [hep-lat/0301028].
[13] J. Giedt and E. Poppitz, “Lattice supersymmetry, superfields and renormalization,”
JHEP 0409 (2004) 029 doi:10.1088/1126-6708/2004/09/029 [hep-th/0407135].
6
